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Abstract. The game theory provides powerful tools for analysing transport systems and making decisions in
situations, where there are opposite interests between the participants. This study proposes a methodology based
on the game theory for selection the strategy of passenger transport planning on parallel routes for railway and
road transport. The game theory presents the behaviour of the railway and road operators in conflict situations.
The methodology uses dual linear programming to assess the strategies. The game is formulated between two
transport operators (road and railway) that are competitors in passenger transportation. Two game models have
been developed, one based on the profit of the road operator and the other based on the number of passengers.
The road operator determines the profit, which is proportional to the flow of passenger traffic through the route.
Its purpose is to maximize the overall transport profit. The aim of the railway operator is to minimize the overall
transport costs. The research includes four steps. In the first step, the strategies of transportation for railway and
road operators are determined. The second step includes formation of the decision matrix and mathematical
representation of the problem for both transport operators. The third step gives the optimal strategies for both
transport operators. The fourth step verifies the results by using the Hurwitz’s coefficient for decision making.
The methodology has been approbated for the route Sofia-Burgas from the railway and road network of
Bulgaria, which is a part of the Trans-European Transport Network. The strategies for both transport operators
have been determined. The game-theoretic formalization presented in the study allows modelling strategies and
decision making for both railway and road operators in the case of different interests.

Keywords: game theory, decision-making, rail, road, passenger transport, Hurwitz’s criterion, transport
planning.

Introduction

The interurban services are usually carried out by rail and road transport. In many cases the routes
are parallel. Thus, transport operators in different modes of transport are in competition for attracting
passengers. The attracting passengers from one mode of transport are a waste for the other. It is
therefore necessary to evaluate different transport alternatives for transport operators, which include
transportation planning.

The game theory provides powerful tools for analysing transport systems. It can be used to make
decision in situations, where there are opposite interests between the participants. The study proposes
a methodology based on the game theory for selection the strategy of passenger transport planning on
parallel routes for railway and road transport. The game theory presents the behaviour of the railway
and road operators in conflict situations. The methodology uses dual linear programming to assess the
strategies. The game theory is a method, which deals with problems with conflicting objectives
between two opponents.

The problem of route selection and alternative of transportation has been investigated by various
authors.

In [1] a route choice model is elaborated based on the game theory. The proposed model uses
alternative routes as game players. The precision of predicted information and familiarity of traffic
conditions are applied to build a game. The game theory is applied to assess the transportation systems
in cities. The Nash equilibrium is achieved with both pure and mixed strategies for car-pooling system
[2]. A problem on public transport management is decided in [3] based on the game theory. The
authors treat the passenger flow, transport operator and municipal authorities, which make decisions.
The passenger choice is defined between public and private transport by evaluating the value of time.
The Nash equilibrium is used to solve the problem. In [4] the game theory is applied to determine the
equilibrium between the interests of the population and the capacity of transport infrastructure for
urban transport systems.

A game theory approach is applied in [5] to study three public transportation modes —
conventional bus, taxi and subway (or light rail). A bi-level programming operational model is
proposed for decision making. An analysis of the game theory application is done in [6]. The authors
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presented the relations between transport models and games. Four groups of games have been formed:
games against a demon (a zero-sum game); games between travellers; games between authorities; and
games between travellers and authorities. The game theory and the Nash equilibrium are used in [7] to
describe the strategies in urban transport.

In [8] the authors present an application of the game theory. An experiment of the choice of
optimal solution on the route of a new bus line is shown in this study. The input into the mathematical
model is the data about the connection of the residents of the new settlement to certain stops in the
city. In [9] an evolution game model of travel mode choice is proposed. The travels by car, by taxi, by
bus, and by rail were considered. The Nash equilibrium is used. The study proposes the different
payoff function as a time variable, a monetary variable, both of these, or some other which have been
determined by the purposes of the model application. A generalized Nash equilibrium game model is
proposed in [10] for describing the passenger route choices and trip modes. A game theoretic approach
has been elaborated in [11] to study high speed rail and bus transportation. Two stages of the game
have been formulated; one for maximizing the profits of the bus, and other for high speed rail. A two-
player non-cooperative game is studied in [12] between the network user seeking a path to minimise
the expected trip cost and the operator aimed to maximise the expected trip cost. This is described by a
two-player, non-cooperative, and zero-sum game with mixed strategy. The Nash equilibrium for this
game is used. In [13] the competition of high-speed and conventional rail system in Taiwan, which
operated within the parallel network, is studied. A game theoretical model has been developed to
describe the rail system pricing strategy.

It can be summed that the game theory is an appropriate method to make decisions in conflict
situations. Different game models have been elaborated to study the following problems: alternative
routes, traffic planning in the cities public and private transport, traffic planning in the cities high
speed rail and bus transportation, high-speed and conventional rail systems.

The purpose of the study is to develop a model for selecting a transport plan for competitive
modes of transport, when the service is on parallel routes. A suitable method for this is the game
theory.

Materials and methods
The methodology consists of the following steps.

e Step 1: Determining the strategies of transportation for railway and road operators. The
strategies are based on formation of different variants of transport plan for given route.

e Step 2: Formation of a decision (payoff) matrix. The elements of this matrix present the profit
(loss) of one transport operator depending on the strategy of the other transport operator.

e Step 3. Compiling a mathematical model based on the game theory and dual linear
optimization to make a decision for both transport operators. Determination of the optimal
strategies for both transport operators.

e Step 4. Verification of the results by using the Hurwitz’s coefficient for decision making.

The game theory is a method, which deals with problems with conflicting objectives between two
opponents. In a game conflict, two opponents are named players. Each of them has a number of
alternatives or strategies. The game is usually presented by the payoff matrix (a;)mum:

Ay Gy . 4y,
a, a a
21 22 2n , (1)
aml amZ te amn
The rows present the strategies for player A(i =1, ..., m), the columns present the strategies for
plyer B(j =1, ..., n). For example, a,, expresses the profit of player A, if he chooses his second

strategy and player B chooses his first strategy.Such games are known as two-person zero-sum games,
because a gain by one player signifies an equal loss to the other. When the two players have several
optimal strategies, the game is a mixed strategy game. This game can be presented by the dual linear
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programming method. This means that the optimal solution of one problem (player A) automatically
gives the optimal solution of the other (player B).The two problems optimize the same value of the
game.

The optimal mixed strategies for player A are:
max, fnin(}" a5, 3 a3 a ) 2)
X +x,+..+x,=1, 3)
0<x<Li=12,...m 4)

where x; — respective probabilities for strategy A; for player A;

Now, let:
. m m m
U= rmn‘ E X D aizx,,,...,Z:i:1 ainxi), (5)

The equation implies that

Zaljxi >20,j=12,...,n, (6)

i=1
where 4 — value of the game.

The problem of player A can be written:
Maximize =9, @)
a, X, +apx, +..+a,x, <0

a,X, +ayx, +..+a,,x, <U (8)

’

a,x +a,x,+..+a, x, <U

X +x,+..+x,=1, 9)
For player B the problem is as follows:
min {P’HX(Z;]“./IY;’ZLI a.i2y./'""’2j=1 iy )} ’ (10)
y+y, +.t+y, =1, (11)
0<y,<1,j=12...n. (12)
Now, let:

®= max(zj=1 ajlyj’zj':l a.fzy.f""’zj‘zl amjyj) g (13)

The problem of player B can be written:
Minimize o = 9, (14)

ayy, +apy, +..+a,y, U

ayy, +a,y, +..+a,y, <0 (15)

>

|amly1 +arn2y2 +"'+amnyn S 19
Yty +ot+y, =1, (16)
0<y,<1,j=12,..,n. (17)
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Table 1

Transformations for payer A

Transformation for player A Game model for player A
Maximize { = § = min(1/9) Minimize { =X+ X, +...+ X,
Subject to Subject to
a”ﬁ+aﬂ&+...+am1 Y > ay X, +a, X, +..+a,X, 21
v v v a,X,+a,X,+..+a,,X, 21
X ) Xin
a,—+a,,—+..+a 221
12 19 22 19 m2 19
a,X +a, X,+..+a,X, 21
N X 20;i=1.2,...,n
aln l +a2i172+ +amn " 21 1
v % v X, =N = —
‘Xl ‘XZ xm 1 19 C
==
v v ¥ U
Table 2
Transformations for payer B
Transformation for player B Game model for player B
Minimize @ = 3 = min(1/9) Maximize @=Y,+Y, +...+Y,
Subject to Subject to
a11h+a21h+...+am1& >1 a Y +a,Y, +..+a,Y <1
v a,,+a,Y,+...+a,Y <1
yl y2 yn
a,~——+a,,~=+..+a 21
12 19 22 19 m2 19
alel + a2mY2 +...+ amnYn Sl
Y. 20;,j=12,...,n
almi+a2mﬁ+...+ a,, Yo > '
v % v Y = ﬁ-ﬁ: 1
h+ﬁ+...+ﬁ=i " @
v v v 0
0< y; < 1,j=12,..,n

The two problems are transformed to be solved. Table 1and Table 2 present the transformations.
The first column of the tables presents the way of transformation; the second column presents the
transformed model. The solution of the transformed model gives the results for the game model. The
transformed model is solved by dual linear programming.

The Hurwitz’s criterion is applied in step 4 to verify the results of the game theory. This
criterion uses the coefficient of optimism a that allows making decisions according to different
decision approaches. The value of a can be set between 0 and 1. Generally, a =0.5, while a =1
represents an optimistic approach, o = 0 represents a pessimistic approach.

The optimal alternative is determined as, [14]:

H, = mini{aminj a; + (1- a)maxj ai/.} , when a;; presents the costs (18)

H, =max, {omax; a, +(1-a)min a, | , when a; presents the profits (19)

Results and discussion

Determination the strategies for road and railway operators

The methodology is approbated for the route Sofia-Burgas from the railway and road network of
Bulgaria, which is a part of the Trans-European Transport Core Network.

The carriage with road transport by the studied route is realized by three road operators. One road
operator mainly operates throughout the day, while the other two have complementary single routes at
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some hours of the day. The player for road transport is presented by all road operators. It is assumed
that they are not competitors with each other.

The transportation of passengers for the route Sofia-Burgas is realized by two categories of buses
— express buses. The express buses have reduced travel time and do not stop at additional centres
along the route, or have only one additional stop.

This study examines the following strategies for road operators: Al— Transportation by buses; A2
— Transportation by express buses; A3 — Transportation by buses and express buses.

In Bulgaria there exist two categories of intercity trains — faster and accelerated fast trains
(express). In this study transportation is investigated with a new category of intercity trains — the so-
called direct trains. Accelerated fast trains require a reservation and serve large intermediate stations
between cities, big transport and important administrative centres. Direct trains also require
reservation, but operate between big transport and important administrative centres. The fast trains
serve additionally the municipal centres.

This study examines the following strategies for railway operators: R1 — Transportation by
accelerate fast trains and fast trains; R2 — Transportation by direct trains, accelerated fast trains and
fast trains; R3 — Transportation by direct trains and fast trains. Figure 1 presents the strategies for both
operators.

Road transport Railway transport
Alternative 1 (A1) Alternative 1 (R1)
: Accelerated
Buses o @ ® O ® :
= last trains Feo—0 o t—e t—e
Alternative 2 (A2) Fast trains ¢—4—{+—&—1-1-@&—+—@& {11 —@
Express buses® L ]
Express buses@ @ & Alternative 2 (R?
! Direct trains Alternative 2 (R2)
[ L L ®
Alternative 3 (A3) L .
Express buses® @ Accelerated
X fast trains @ —e—1 ® 0—e —e
Express buses@® ® ® — -
Fast trains @&+ {—&—_—1-—&—1—&1_—®
Buses @ L L4 4
Direct trains Alternative 3 (R3)
L L @
® Cities over O Regional centers, U Municipal centers Accelerated
100,000 inhabitants big junction stations fast trains ®

Fig. 1. Alternatives by road and railway transport

Game theory model

The game-theoretic formalization presented in the study allows modelling strategies and decision
making for both railway and road operators in the case of different interests. Table 3 shows the payoff
matrix, which presents the profit of the road operator. Each element of the matrix is determined by
multiplication the number of passengers by the ticket price for road transport. It should take into
account that there is difference between the ticket price for buses and express buses.

Table 3
Payoff matrix, EUR
Player road Player railway transport — Strategies
transport R1 R2 R3
Strategies Respective probabilities Y1 V2 V3
Al X 6630 6120 6375
A2 X 2754 2203 2478
A3 X3 9384 8323 8853
The transformation for the player road transport according to Table 1 is as follows:
Minimize ¢ =X, + X, +...+ X, , (20)
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6630X, +2754X, +9384X, <1

6120X, +2203X, +2478X, <1

6275X, +2478X, +8853X, <1
X,>0,i=12,...m

The transformation for the player railway transport according to Table 2 is as follows:

Maximize @=Y,+Y, +...+Y,,

6630Y, +6120Y, + 6375Y, <1

2754Y, +2203Y, + 2478Y, <1

9384Y, +8323Y, +8853Y, <1
Y,20,j=12...n

2L

(22)

(23)

The mathematical models presented by formulas (20-23) are solved by the dual linear
programming method. This means that the optimal solution of one problem (player road transport)
automatically gives the optimal solution of the other (player railway transport). Table 4 shows the
results for the respective probabilities for strategies. It can be seen that the optimal strategy for the
road operator is A3, i.e. transportation by buses and express buses. The optimal strategy for railway
transport is transportation by direct trains, accelerated fast trains and fast trains.

Table 4
Payoff matrix in EUR
Player road Player railway
transport transport
Strategies Respective probabilities Strategies Respective probabilities
Al x=0 R1 y1=0
A2 x=0 R2 y=1
A3 x3=1 R3 y3=0
The value of the game 3 is 8323 EUR

Game model based on passengers

In this case the payoff matrix is formed based on the number of passengers who were attracted by
the road operator. In the game model these passengers are a loss for the railway operator. Table 5

presents the payoff matrix.

Table 5
Payoff matrix, passengers per day
Player road Player railway transport — Strategies
transport R1 R2 R3
Strategies Respective probabilities Vi A ¥3

Al X 520 200 720

A2 X 480 160 640

A3 X3 500 180 680

The transformation for the player road transport according to Table 5 is as follows:
Minimize =X, + X, + X, , (24
520X, +200X, + 720X, <1

480X, +160X, + 640X, <1 (25)

500X, +180X, + 680X, <1
X,>0i=12...m
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The transformation for the player railway transport according to Table 2 is as follows:

Maximize =Y, +Y, +...+Y,, (26)
520Y, +480Y, +500Y; <1
200Y, +160Y, +180Y, <1 o
720Y, + 640Y, + 680Y, <1

Y, 20,j= 1,2,...,n

Table 6 shows the results. It can be seen that the results are similar to the game model based on
the profit of the road operator (Table 4). This shows the adequacy of both models.

Table 6
Results for payoff matrix, passengers per day
Player road Player railway
transport transport
Strategies Respective probabilities Strategies Respective probabilities
Al x=0 R1 y1=0
A2 x=0 R2 w=1
A3 X3= 1 R3 V3= 0
The value of the game 3 is 640 passengers

The both game models can be drawn up based on the losses for the railway operator. The results
will be the same according to the dual linear programming method.

Verification of the results

The verification of the results has been conducted by the Hurwitz’s criterion. The road operator
(strategies Al, A2, A3) aims to choose the strategy with the highest profit. Table 7 presents the values
of the Hurwitz’s criterion according to formula (19). The first part of the table presents the decision
matrix for the road operator given in Table 3. The railway operator (strategies R1, R2, R3) aims to
choose the strategy with the lowest cost.

Table 8 shows the values of the Hurwitz’s criterion according to formula (18). The interests of
both operators are opposite. The decision matrix for the railway operator is formed as a transposed
matrix of that of the road operator, since the profit of the road operator is a loss for the railway
operator.

Figure 2 and Figure 3 show the results for the Hurwitz’s criterion at different values of the
coefficient a. It can be seen that the optimal strategy for the road operator is A3 (transportation by
buses and express buses), since it has the maximum value for the Hurwitz’s criterion for all values of
the coefficient a. The optimal strategy for the railway operator is strategy R2 (transportation by direct
trains, accelerated fast trains and fast trains), since it has the minimum value for the Hurwitz’s
criterion for all values of the coefficient a.

It can be concluded that the results of the application of the Hurwitz’s criterion give the same
results as those obtained from the game theory.

Table 7
Hurwitz’s criterion for player A
Decision matrix Hurwitz’s criterion
Rail ici
Road Coefficient a

R1 R2 R3 0 0.1 02 1 03 |04 |05 ] 06|07 ] 087109 1
Al | 6630 | 6120 | 6375 | 6120 | 6171 | 6222 | 6273 | 6324 | 6375 | 6426 | 6477 | 6528 | 6579 | 6630

A2 | 2754 | 2203 | 2478 | 2203 | 2258 | 2313 | 2368 | 2423 | 2479 | 2534 | 2589 | 2644 | 2699 | 2754
A3 | 9384 | 8323 | 8853 | 8323 | 8429 | 8535 | 8641 | 8747 | 8854 | 8960 | 9066 | 9172 | 9278 | 9384

1299



ENGINEERING FOR RURAL DEVELOPMENT Jelgava, 20.-22.05.2020.

Table 8
Hurwitz’s criterion for player B
Decision matrix Hurwitz’s criterion
Road Coefficient o

Rail

Al A2 | A3 0 0.1 02 | 03 04 | 05 06 | 07 | 0.8 | 09 1

R1 | 6630 | 2754 | 9384 | 2754 | 3417 | 4080 | 4743 | 5406 | 6069 | 6732 | 7395 | 8058 | 8721 | 9384
R2 | 6120 | 2203 | 8323 | 2203 | 2815 | 3427 | 4039 | 4651 | 5263 | 5875 | 6487 | 7099 | 7711 | 8323
R3 | 6375 | 2478 | 8853 | 2478 | 3115 | 3753 | 4390 | 5028 | 5665 | 6303 | 6940 | 7578 | 8215 | 8853

sesees Al A2 = = A3 ssssssR1 B2 = =R3
10000 10000
- - = - - i - ..".;
& 8000 § 8000 e T
% 6000 P T T L L L L L AL i ssssesssens % 6000 l.-"-‘.’
7] o ot -
] w0 ‘.o'.’
N 4000 N 4000 A
E z oy
= E 3
2 2000 Z 2000
0 0
0 0.1020.3040.50.60.70.80.9 1 0 010203040506070809 1
Coefficient Coefficient

Fig. 2. Ranking the alternatives for player A  Fig. 3. Ranking the alternatives for player B

Conclusions

In this research an approach has been developed based on the game theory for planning passenger
rail and road transport on parallel routes. Two game models have been developed, one based on the
profit of the road operator and the other based on the number of passengers. The strategies for both
operators have been studied. The both models have similar results. The results propose the strategies
for transport planning for both operators. It was found that for the road transport the optimal strategy is
carriage by buses and express buses. For the railway transport the optimal transport plan includes
carriage by fast trains, accelerated fast trains and direct trains.

The results of the game theory have been verified by the Hurwitz’s criterion. It was found that the
results of both approaches are similar. The verification of the results shows the applicability of the
developed methodology.

The game model based on passengers could be used for initial research; the model based on the
profit could serve to study variability of optimal strategies, depending on the bus operator profit (ticket
price).

The game-theoretic formalization presented in the study allows modelling strategies and decision
making for both railway and road operators in the case of different interests. The proposed
methodology can be used in planning passenger rail and road transport on parallel routes and also
making decisions in transport management.
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